Abstract: Intersubband (ISB) transitions in semiconductor multi-quantum well (MQW) structures are promising candidates for the development of saturable absorbers at terahertz (THz) frequencies. Here, we exploit amplitude and phase-resolved two-dimensional (2D) THz spectroscopy on the sub-cycle time scale, to observe directly the saturation dynamics and coherent control of ISB transitions in a metal-insulator MQW structure. Clear signatures of incoherent pump-probe and coherent four-wave mixing signals are recorded as a function of the peak electric field of the single-cycle THz pulses. All nonlinear signals reach a pronounced maximum for a THz electric field amplitude of 11 kV/cm and decrease for higher fields. We demonstrate that this behavior is a fingerprint of THz-driven carrier-wave Rabi flopping. A numerical solution of the Maxwell-Bloch equations reproduces our experimental findings quantitatively and traces the trajectory of the Bloch vector. This microscopic model allows us to design tailored MQW structures with optimized dynamical properties for saturable absorbers that could be used in future compact semiconductor-based single-cycle THz sources.
Introduction
Terahertz photonics has emerged as an exciting field of research owing to its enormous promise in a fast-growing variety of applications. These range from ultrafast spectroscopy and sub-cycle control of condensed matter to non-invasive imaging, chemical fingerprinting and security screening [1, 2] . To address these applications, rapid progress has been made in the development of advanced table-top THz sources, employing a variety of generation schemes. For example, photoconductive antennas utilize resonantly excited, DC-biased semiconductor materials to generate single-cycle, carrier-envelope phase stable THz pulses [3] . Optical rectification of ultrashort near-infrared (NIR) laser pulses in nonlinear Χ (2) crystals [4] or air plasmas [5] covers the entire THz to NIR window. It also allows THz carrier waves to reach atomic field strengths, which can be used to drive extreme nonlinearities, such as high-harmonic generation [6] , coherent spin control [7] , and multi-wave mixing [8, 9] . Free-electron lasers can also be widely tuned over the whole THz spectrum, whilst maintaining high output power [10] . Yet, the above sources typically depend on expensive femtosecond laser sources, limiting their use in costeffective applications outside specialized optics laboratories.
Electrically-pumped quantum cascade lasers (QCLs) offer a promising alternative. They exploit intersubband transitions in semiconductor heterostructures, enabling a wide operational frequency range through bandstructure engineering. QCLs can also operate as optical frequency combs and provide high output powers [11] [12] [13] [14] [15] [16] [17] . Despite these advantages, ultrashort pulse generation in broadband QCLs can be only achieved through active mode-locking, modulation of the QCL gain by an external radio frequency signal, or through phase synchronization [18] [19] [20] [21] . In order to further miniaturize QCL-based THz sources towards on-chip products, passively mode-locked QCLs have been suggested. However their realization requires customtailored THz saturable absorbers, whose coherent and incoherent characteristics on femtosecond timescales need to be precisely determined.
In the visible to mid-infrared spectral region, semiconductor-based saturable absorbers have been routinely used to achieve passive mode-locking [22] . In these schemes, the high peak intensity of pulsed light suffers substantially lower losses within the saturable absorber than the cw background, which allows for a robust formation of ultrashort pulses in the cavity. Saturable absorption has also been shown in the THz frequency range using n-doped bulk semiconductors [23] . However, problems still arise when such systems are integrated into a laser cavity, due to the inevitable losses by free-carrier absorption and large saturation intensities. An alternative approach to the development of THz saturable absorbers is the use of single and few layers of graphene [24] , which have shown very low saturation intensities, on the order of a few W/cm²; there is, however, a lack of flexibility in the design parameters such as the saturation threshold and relaxation time. Saturable absorbers exploiting MQW semiconductor heterostructures provide a valuable alternative. Specifically, intersubband (ISB) transitions in MQWs allow for the customized design of absorption frequency, recovery times, and saturation intensities. In addition, semiconductor quantum wells can be readily integrated into laser cavities, facilitating their uptake. While the concept of ISB transitions is well known and the dynamics of their interaction with light have been studied in great detail [25] [26] [27] [28] [29] [30] , their coherent and incoherent nonlinear dynamics in the THz frequency range have yet to be evaluated.
Field-sensitive 2D THz spectroscopy of ISB transitions
Here, we use field-sensitive 2D spectroscopy to investigate the ultrafast nonlinear response, as well as the saturation dynamics, of an ISB transition in a MQW system, which is coupled to a THz electromagnetic field via a metallic grating. Phase-stable THz pulses coherently excite and probe both the ISB population and polarization with sub-cycle temporal resolution. Electrooptic sampling of the transmitted waveform allows for amplitude-and phase-sensitive observation of incoherent pump-probe and coherent four-wave mixing signals. The intensity dependence of these nonlinearities exhibits the hallmark of THz carrier-wave Rabi flopping, quantitatively confirmed by a numerical solution of the Maxwell-Bloch equations. The resulting dynamic modulation and saturation of the absorption on the time scale of a single optical cycle makes them an ideal component for developing few-cycle or even single-cycle THz QCLs.
The MQW structure (sample code G0061) investigated in this work consists of 35 GaAs quantum wells, each of thickness 36 nm, separated by 20-nm-thick Al0.15Ga0.85As barriers, which are delta doped at a density of 5 × 10 10 cm -2 after the first 5 nm of the barrier is grown (see Fig. 1(a) ). The resulting bandstructure, calculated by a Schrödinger-Poisson solver [31] , is shown in Fig. 1(b) , together with the numerically calculated wave functions of the first and second subbands. The transition energy between the two subbands corresponds to a frequency of ISB  = 2.7 THz (see transmission spectrum in Fig. 1(e) ) and the transition dipole moment, calculated from the simulated wave functions, is 12 e  = 3.8 nm, where e is the elementary charge. This value for the dipole moment already suggests low saturation thresholds (of ~ several kV/cm), highlighting the potential of the MQW structure for realizing passively mode-locked THz QCLs. Since, however, the dipole is oriented out of the quantum well plane, THz radiation incident in the growth direction cannot couple to the ISB transition. In order to resolve this problem and to decrease the necessary saturation threshold further, a gold grating (lattice period: 16 µm) was structured on top of the MQW system by means of a combination of UV lithography, metal evaporation and lift-off. The grating design was guided by finitedifference Fourier-domain simulations to provide both strong field confinement and the presence of a z-polarized component in the near-field region (see Fig. 1(c) ), which then couples directly to the dipole moment of the ISB transition.
To investigate the dynamics of this saturable absorber in the most direct and comprehensive way, we perform 2D phase-and amplitude-resolved THz high-field spectroscopy [32] [33] [34] . To optimize the signal-to-noise ratio, we developed a dedicated high-repetition-rate spectroscopy system based on an Yb:KGW amplifier that generates 260-fs pulses centered at a wavelength of 1028 nm (repetition rate: 50 kHz). Intense, phase-stable THz transients (see Fig. 1 (d) and 1(e)) are generated in a LiNbO3 crystal via optical rectification of the near-infrared laser pulses in a tilted pulse-front scheme [4] . In a Michelson interferometer, these THz transients are split into two identical pulses, A and B, which can be delayed with respect to each other with a variable delay time τ (see Fig. 1(f) ). The two pulses are then focused onto the cryogenicallycooled sample to study the nonlinear response of the saturable absorber system. The total THz electric field transmitted through the sample is finally detected in amplitude and phase by electro-optic sampling in a 500 µm ZnTe crystal, as a function of both the electro-optic sampling time t, and the delay time τ. By chopping the THz radiation in both arms of the Michelson interferometer at different subharmonic frequencies of the laser repetition rate, the transmitted field for all possible chopper combinations is obtained. Thereby, we extract the field AB , from both pulses and the contributions A and B from each individual pulse. Consequently, the correlated nonlinear response NL can be determined by subtracting the T , as well as the incoherent carrier lifetime T1 (see Fig.   2 (b)).
We model both components using the following fitting function:
which includes an exponential decay of the carrier population within the first term and an oscillatory exponential decay of the polarization within the second term. The fit is shown by the red dashed line in Fig. 2 
Liouville path analysis: role of coherent and incoherent nonlinearities
By performing a two-dimensional Fourier transform (Fig. 2(c) ) of the time-domain data, we can rigorously decompose the total nonlinear response into all contributing nonlinear interaction processes [32] . The frequency axes  t and   are associated with the electro-optic sampling time t, and the relative delay time τ, respectively. Each spectrum is normalized to the spectral amplitude 0 of the driving field at the frequency of the ISB transition, ISB  . In Fig. 2(d 
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The position of each of these peaks can be uniquely expanded into a linear combination, using integer coefficients, of wavevectors of the incident fields (see arrows kA, kB in Fig. 2(d) ), representing a corresponding Liouville path. In particular, the peak at
, where the phase of pulse B cancels out. In this configuration, pulse B acts as a pump and pulse A as a probe. The maximum at
is the equivalent pump-probe signal where pulses A and B switch roles (PP2). Both pump-probe interactions are the origin of the purely exponential decay in Fig. 2(b) We next investigate the amplitude scaling of these nonlinearities as a function of the peak amplitude of the driving field 0 , varied from 4.4 kV/cm to 37 kV/cm in a series of 2D measurements. This amplitude range covers not only the onset of nonlinearities at low field amplitudes (Fig. 2(c) ) but also the strong-field regime, which is accompanied by a reduction of the amplitude of both pump-probe and four-wave mixing signals. For a quantitative investigation of the field dependence of the different nonlinearities, the amplitudes of the PP and the 4WM signals were integrated within a frequency window of 0.5 THz around their respective center frequencies. Figure 3(a) shows the spectral weight of the PP2 and Fig. 3(b) the spectral weight of the 4WM1 signal as a function of the peak electric field (red crosses). Both curves show a sharp onset of the nonlinearity at low field strengths with a pronounced maximum at a field strength of 11 kV/cm, which is followed by a decrease in the integrated amplitude. While a purely incoherent saturation mechanism, e.g. by scattering and heating, would diminish the 4WM signal and leave the PP signal saturated, in our experiment both contributions decrease rapidly as 0 is increased further. We will show in the following that this behavior is a hallmark of an ultrafast THz-driven Rabi flopping [35] of the population on the time scale of the oscillation period of the THz wave and the intersubband transition.
Theoretical analysis of sub-cycle polarization dynamics
We employ a semiclassical theory based on the Maxwell-Bloch equations to simulate the polarization dynamics. Our theory goes beyond the rotating-wave-approximation and includes a self-consistent treatment of the re-emitted electric field [36] . The system's state is expressed by the density matrix ,  whose temporal evolution is described by the von Neumann equation: (see Fig. 1(b) ). The additional terms ()
ii ii t   in the diagonal elements account for the permanent dipole moment ii  of the subband wave functions due to the asymmetry of the quantum wells. These dipoles are calculated from the simulated wave functions in Fig 1(b) as
The transmitted electric field () t is determined by a self-consistent treatment of both the incident electric field THz as measured separately, and the field emitted by the ISB polarization (second term):
Here 0  denotes the vacuum permeability, c is the speed of light in vacuum, and n is the refractive index of the material. The constant 13 1.7 10    describes the coupling of the nearfields of the electron ensemble to the far field by the grating, and is chosen to yield the best fit to the experiment. The spatial Gaussian shape of the THz electric field in the focal plane is taken into account by employing a weighted average over calculations for several peak field amplitudes.
Figures 2(f)-2(h) show the resulting 2D spectra calculated from this model, compared to the experimental data, shown in Fig. 2(c)-2(e) . We find excellent agreement: Both the field dependence of the amplitude, as well as the spectral shape of the respective nonlinearities, are reproduced by the model. Our theory also allows us to explain the broadband tails of each nonlinear interaction as a consequence of the large bandwidth of our single-cycle THz pulses. While the high-frequency wing of the incident spectrum drives the ISB transition resonantly, the strong frequency components in the spectral center induce non-resonant transitions. The latter contribute broadband nonlinearities, even though they do not cause perfect population inversion. An additional, low-frequency response is contributed by the interaction of the THz electric field with the asymmetry-related permanent dipole moment.
For a quantitative comparison, we plot the integrated amplitude of the PP and 4WM signals as blue dashed curves in Figs. 3(a) and 3(b) , which coincide well with the experimental data. For low fields, the nonlinearities rise steeply until they reach a maximum at a peak field of 11 kV/cm before they decay at yet higher field amplitudes. The different widths of the PP and 4WM maxima may be attributed to the fact that 4WM is inherently more susceptible to dephasing than incoherent PP signals. Furthermore, the 4WM signal saturates for /2 pulses whereas the maximum PP signal occurs for  pulses. While these signatures are strongly averaged out by the spatial inhomogeneity of the near field, the effect contributes to the field scaling of the nonlinearities.
The good agreement between theory and experiment allows us to extract microscopic dynamics, such as the diagonal elements of the density matrix and their temporal evolution, which are not directly visible in the experiment. In Fig. 4(a) , we investigate these dynamics and plot the population inversion 22 11    w , as a function of the electro-optic delay time t and the relative delay time τ. Strong coherent dynamics occur on timescales shorter than * 2 T leading to almost complete population inversion within one cycle of the optical carrier wave. For a delay time of τ = -0.094 ps, pulse A prepares a population inversion, which is coherently increased to a value of w = 0.9 by pulse B within only 0.3 ps. This timescale is shorter than a single oscillation period of the transition frequency ISB .
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This situation is illustrated in Fig. 4(b) , where the trajectory of the complex Bloch vector
within the Bloch sphere is plotted and the polarization is mapped as 12 . u iv
 
In contrast, for a delay time of 0.66   ps, pulse B coherently depopulates the upper level due to a phase shift of π relative to the excitation pulse, as shown in Fig. 4(c) . The remaining population inversion after pulse B is due to dephasing of the system with the decay time * 2 T .
Note that all dynamics occur in a regime where the Rabi frequency, the intersubband transition frequency and the carrier frequency of the THz field, all are of comparable size. This extreme limit of nonlinear light-matter interaction, termed carrier-wave Rabi flopping, has previously been studied only in the near-infrared spectral domain [35] . To the best of our knowledge, our results represent the first observation of this regime in low-frequency THz ISB transitions.
Performing the simulation for different THz waveforms gives an estimate of the peak fields necessary to invert the system, which is a crucial figure of merit for future applications. Assuming a resonant excitation with a 4 ps pulse centered on ISB  , which is currently achieved using actively mode locked QCLs, a THz peak electric field of 1 kV/cm is already sufficient to drive the system into strong saturation. Although the far-field of QCLs is still in the range of tens of V/cm, the strongly confined waveguide mode inside the laser cavity reaches peak values of 150 V/cm. By finely tuning our system parameters, such as the doping concentration, the thickness of the quantum wells, or by optimizing the coupling of the QCL mode to the electronic wave function through improved metallic nanostructures, these field amplitudes should already saturate the ISB transition, making the proposed MQW structures a promising candidate for use as a saturable absorber in QCLs.
Conclusions
In conclusion, we have investigated the nonlinear dynamics of the intersubband transition in a MQW system under strong resonant THz excitation. Coherent and incoherent contributions to the nonlinear signal have been identified as pump-probe and four-wave-mixing processes, enabling us to trace the population and nonlinear polarization of intersubband electrons with sub-cycle resolution. Evaluating their dynamics revealed relaxation times of the MQW system of 5 ps, significantly shorter than typical gain relaxation times of QCLs. These nonlinearities showed a clear saturation behaviour with increasing THz peak electric field, representing the first 2D spectroscopic observation of THz carrier-wave Rabi flopping. We quantitatively reproduced our results by a numerical model based on a self-consistent solution of the MaxwellBloch equations for a two-level system beyond the rotating-wave approximation. In particular, the calculation reveals a population of the upper subband generated by the first pulse, followed by a coherent depopulation by the second THz pulse. Our experiment and theory provide a deep understanding of the sub-cycle dynamics of intersubband transitions and highlight a route for 
